Electronic-controlled routes to chaos in a quantum-well laser diode are produced using a delayed-feedback technique. By introducing an extra delayed-feedback control term cS n ðt À Þ, chaotic light output can be achieved at a relatively low bias and a small modulation depth. The interaction between external modulation and delay forms quasi-two-period routes to chaos by varying modulation amplitude b and intermittency routes to chaos by varying modulation frequency f 0 . Numerical analysis and experimental results agree qualitatively.
Introduction
Dynamic chaos in laser diodes has drawn much interest due to its potential application in private communication. 1) There are many ways to generate chaotic light output from a laser diode. In general, one can catalog these techniques as either an optical approach or an electronic approach. In the optical approach, Fischer et al. have achieved high-dimensional chaos using an external cavity.
2) Annovazzi-Lodi et al. have reported chaotic behaviors after an optical injection from a second laser diode. 3) In the electronic approach, a laser diode is injected with a sinusoidal and a bias current I ¼ a þ b sin 2 f 0 t, where a is the bias current, b is the modulation current, and f 0 is the external modulation frequency. 4, 5) In general, high bias and strong current modulation or two tone modulation are required to achieve chaos.
Delayed feedback is known to have rich properties in the nonlinear dynamics of laser diodes. 6) This delay technique has also been combined with optical injection to achieve stability in a laser diode. 7) In this work, electronic injection is incorporated with a delayed feedback to achieve chaos in a laser diode. The overall current injected into the laser diode is then given by
where c is the current gain and is the loop delay time. With the introduction of the extra delay term cS n ðt À Þ, the chaotic light output can be obtained at a relatively low bias and a small modulation depth. Note that without modulation and delay, the system always converges to a fixed point. The interaction between external modulation and delay forms quasi-two-period routes to chaos by varying b and intermittency routes to chaos by varying f 0 . Section 2 describes a laser diode with delayed feedback. Bifurcation diagrams as functions of b and f 0 are shown. Section 3 presents the experimental results to verify quasi-two-period routes to chaos and intermittency routes to chaos.
Numerical Analysis

Delay differential rate equation
The three-dimensional quantum well rate equations to describe the dynamics of carriers in separate confinement regions I s and in quantum-well regions I n , and photon density S n are given by 8)
where s is the carrier transport time across separate confinement heterostructure regions, n is the bimolecular recombination lifetime, À is the optical confinement factor per well, is the spontaneous emission factor, and is the gain compression factor. In addition, the optical gain function is expressed by a square-law dependence on the recombination current J nom , G ¼ DðJ nom À 2 Â 10 13 Þ 2 , where D is a constant, J nom ¼ I n =V a , and V a is the volume of active layers. Table I lists all the parameters of the QW laser diode used in the simulation. Without feedback and modulation (b ¼ c ¼ 0), L-I simulation of the curve suggests a threshold current I th of 38 mA. This agrees with a simple steady-state analysis, in which the threshold current is approximated as ð1
The step-response simulation (switching from 0 to a, where a ¼ 1:5I th ) results in an oscillation relaxation period T r of 1.5 ns.
To solve the differential equations for delay, eq. (2) can be expressed as
is a nonlinear function, and A 2 M 3Â3 is a matrix with a nonzero term. By modifying the fourth-order RungeKutta-Fehlberg method (RKF45) 9) for a fixed time-step Ãð¼ =nÞ, we have Table I . Parameters used for simulation of quantum-well lasers.
Parameters
Value Unit
where
m is the time-step index (m ! n), and c i , q i and h i j are the coefficients in RKF45.
Delay loop frequency f d
By solving eq. (2) with b ¼ 0, one can obtain the delay loop frequency from the Fourier transform of the S n . Figure 1 shows the delay loop frequency f d versus delay time when a ¼ 1:5I th . With delay time alone, periodical solutions of S n are observed in this model. The natural frequency of the system dose not compete with the delay loop frequency because the oscillation is not sustained long enough. However, it dose affect the loop delay frequency. As shown in the figure, f d repeated itself in a period of 1.5 ns, which is close to the oscillation relaxation period for a ¼ 1:5I th .
Quasi-two-routes to chaos by varying b
Quasi-periodicity involves competition between two independent frequencies characterizing the dynamics of the system. As these two frequencies compete with each other nonlinearly, chaos can result. In general, a complex interplay arises between the strength of the coupling and the amplitude of each frequency. In our system, the first frequency is the delay loop frequency, and the second competing independent frequency is the external modulation frequency f 0 . Only the amplitude of the second frequency is easily adjustable. Thus, Fig. 2 shows the bifurcation diagram with S n versus b in I th when a ¼ 1:5I th , ¼ 8 ns, c ¼ 0:035, and f 0 ¼ 1:33 f d . Note that the frequency ratio must be irrational. In the three-dimensional phase diagram (I s , I n , and S n ) of the rate equations, let AE be a two-dimensional hyper plane through a point ð0:05; 0:0377; 0:4Þ with normal direction ½0; 1; 0. If the trajectory in the phase diagram mapped on the hyperplane densely fills out a closed curve, then the solution forms a quasi-two-periodic orbit. When b ¼ 0, the system starts with a fixed point attractor. As this control parameter is changed within b 2 ð0; 3:5Þ, the system undergoes a bifurcation to develop into a quasi-two-period attractor. The second frequency may appear as a further change in the control parameter. When b is increased to 0.45, the quasi-periodicity route to chaos sets in. 
Intermittency routes to chaos by varying f 0
Intermittency occurs when the behavior of the system switches back and forth intermittently between periodic and chaotic behaviors. Figure 4 shows the bifurcation diagram with S n versus f 0 when a ¼ 1:5I th , ¼ 8 ns, c ¼ 0:035, and b ¼ 0:45I th . As shown, the behavior appears to have a certain character (e.g., periodic) for some time and then abruptly switches to behavior of a qualitatively different character (e.g., chaotic). The switching between these two behaviors seems to be random. In fact, since b ¼ 0:45I th one would expect chaotic behaviors continuously. However, intermittency is chaotic behavior characterized by irregularly occurring episodes of periodic behavior. The cause of the periodic behavior is the trapping of trajectories in the gap regions. At the bifurcation event, the limit cycle associated with the two competing frequencies becomes unstable. Bursts of two-frequency behavior mixed with intervals of chaotic behavior are seen. This effect, previously described as ''Hopf-bifurcation intermittency'', can be found in some other systems (see ref. 10 , for example). In addition, as the value of the control parameter is changed, the time spent being chaotic increases and the time being periodic decreases. The gap becomes smaller. 
Experimental Results
Experimental setup
A schematic of the experimental setup is shown in Fig. 5 . The light source is a 1.55 mm InGaAsP laser diode (SDO Communication) with a threshold of 13 mA. The total driving current is given by eq. (1). A signal generator and a laser driver provide a þ b sin 2 f 0 t. A splitter is inserted in the loop. A portion of the light is directed into a power spectrum analyzer, and another portion is used to establish a delay loop. Delay is achieved using an optical fiber delay line of various lengths from 0.3 to 1 m, which is estimated to correspond to a delay time of 3 to 10 ns. An optical fiber delay line, a high-speed InGaAs receiver (EO Technology), and a 30 dB wide-band amplifier (Amplifier Research) complete a delay feedback loop and an adjustable gain. The delay signal cS n ðt À Þ is then injected into the laser diode along with the external modulation and DC bias current. Frequency spectra of the total light output extracted from a splitter are then shown on a power spectrum analyzer (Advantest).
Quasi-2 routes to chaos by varying b
By adjusting the power level of the external modulation, one can investigate the quasi-routes to chaos. Figures 6(a)-6(d) show the measured power spectra for various experimental situations:
MHz, chaotic state. For (a), no external modulation is injected and a single delay loop frequency is presented, as expected. By adding a second frequency at a low power f 0 (b), the system shows independent oscillation. As the power level of the second frequency increases, the system undergoes a bifurcation to develop into a quasi-two-period attractor. Note that for the quasi-periodic case, all the peaks are a linear combination of f 0 þ f d and their subharmonics. Since their amplitudes decrease with increasing coefficients, peaks at frequencies corresponding to large values of the coefficients are eventually below the overall noise level of the experiments. In the chaotic case (d), peaks at two basic frequencies are presented, but the spectrum also shows a broad continuous component. The broad continuous component is above the noise level, as evident in Fig. 6(c) . Also, the situation in Fig. 6(d) is in contrast to that on Fig. 6(c) , where the only apparent frequency components are discrete. The presence of a continuous component in a frequency power spectrum indicates chaotic oscillations in the laser diode. Therefore, quasi-two-period routes to chaos can then be established, which qualitatively agrees with previous numerical analyses. 
Conclusions
In conclusion, a delayed-feedback technique is used to achieve routes to chaos in a quantum-well laser diodes at a relatively low bias and a small modulation depth. In theory, quasi-periodicity routes to chaos and intermittency routes to chaos can be visualized using a bifurcation diagram and Poincaré map to solve the delay differential rate equation. In this experiment, power spectra also indicate quasitwo-period routes to chaos by varying modulation amplitude b and Hopf-bifurcation intermittency routes to chaos by varying modulation frequency f 0 . This study set up a controllable way to achieve a chaotic laser for the future study of the synchronization between two delayed chaotic lasers and for the realization of optical chaotic communication. This work was supported in part by NSC under NSC-94-2115-M-007-002 and NSC-94-2215-E-59-001. 
